[Summary]
Conservative oscillator equations which have quadratic nonlinearities in both velocity and displacement and which possess an exact harmonic solution are investigated. The conserved quantity is constructed, and its zero value corresponds to the harmonic solution. The further significance of the harmonic solution as corresponding to a bifurcation is revealed. arising from the dynamics of avalanches and sand-piles, has been studied at some length by Linz [5] . The phase plane for equation (1.1) (with a factor 2 multiplying the x! ! term) has been given by Andronov et al. in reference [6] .
The quadratic nonlinear term x 2 occurs for instance in the nonlinear equation of motion for the free vibrations of laminated plates [7] , as well as more generally when there is an anharmonic term due to unsymmetrical restoring forces. The equation parameters depend on the material properties. The quadratic nonlinear 4 velocity-dependent conservative term 2 x ! may appear in mechanical and electrical systems [6] . Such a term occurs for example in an electrical circuit with a nonlinear resistance as considered by Migulin et al. [8] . For the driven circuit, this term has been shown in reference [8] to result in a bias voltage which is generated due to the asymmetry of the nonlinear resistance, proportional to this term's coefficient parameter.
In this paper we consider velocity-dependent conservative nonlinear oscillator equations with both mixed-parity terms of the lowest order, viz. quadratic, and seek forms which have an exact harmonic (cosine) solution.
A first integral of the general equation under investigation yields a conservation law. The exact harmonic solution corresponds to value zero for the conserved quantity. The form of the conserved function allows a Hamiltonian formulation to be made. The phase portrait in the x x, ! phase plane is analyzed to determine initial conditions which lead to periodic solutions via determination of the equilibrium points and the separatrix equation. The various situations which may arise in the wider phase portrait are characterized in terms of the conserved quantity value.
The further significance of the harmonic solution is shown to be its correspondence to a bifurcation. A particular numerical example is presented to illustrate the results.
EQUATIONS AND EXACT HARMONIC SOLUTIONS
The general nonlinear oscillator equations to be considered here have the form
with γ ≠ 0 . (Changes of time and/or length scale may allow one or two coefficients, if non-zero, to be set equal to 1. A shift of origin may allow the parameter ∆ to be set to zero. However, in this analysis we retain all these general parameters.)
We seek equations (2.1) which have the exact harmonic solution
where ω is the (non-zero) radian frequency of oscillations, b is the displacement "bias"
and a (non-zero) is an amplitude coefficient such that the initial displacement (total amplitude) is given by 
where these expressions have been set equal to zero since exact solutions are sought.
From equation (2.4b), since a ≠ 0, it is seen immediately that
so also β ≠ 0 for exact harmonic solutions, and sgnβ = sgnγ, where sgnβ is the sign of
The value of a is obtained via equation (2.4c):
where b is given by (2.6). Finally, A is found via equation (2.3a).
Thus, for an exact harmonic solution to exist, the initial displacement A may not be arbitrarily chosen, but must assume a specific value in terms of the equation
parameters. This situation is reminiscent of, but actually different from, the case of a limit-cycle for non-conservative systems such as the van der Pol equation [1, p.100].
For that case, the amplitude of the periodic limit cycle is determined in terms of equation parameters. However, for other initial conditions the solutions are not periodic but as t increases they tend to this periodic but not necessarily harmonic solution for initial conditions in some suitable range. By contrast, here equation (2.1) with (2.11) has an exact harmonic solution for all t≥0 for prescribed initial condition.
For other, suitably nearby, initial conditions, the solutions will not be harmonic but will still be periodic. 
must be satisfied by the equation parameters for such a solution to exist, and the initial condition for the harmonic solution is 
has exact solutions x = ±cost + 1, with x(0) = 2 or 0 respectively. 
For example, the nonlinear equation 0 1
has exact solutions x = ±((√3)/2) cost + 1/2. The equation
no such exact harmonic solution, since sgn∆ ≠ sgnγ there.
SPECIAL CASE ∆ = 0
The equation
solutions (for all ε) x = (±√3 cost + 1)/(2ε) , with x(0) = (1±√3)/(2ε) . This would not arise using perturbative methods. Equations (1.1), (1.3), and (1.5) therefore do not have exact solutions of this form, since they have β=0.
SPECIAL CASE b = 0
Another special case is to require that the solution bias b is zero. From equations (2.4a) and (2.4b) , it follows that the equation parameter γ cannot be arbitrary as in the previous sub-section but must be related to the other parameters α and β, such that γ = β/α. The result is that the equation must have the form 
with x(0) = ±1 has exact solutions x = ±cost (as can be verified by inspection). 
The general solution (recall γ≠0) is
where K is an arbitrary constant of integration. Thus equation (2.1) in general (for γ≠0) possesses the conserved quantity (For the case of parameters β=0 and ∆=0, this reduces to an equivalent expression found by Linz [5] .)
The conjugate momentum [9] is
The corresponding Hamiltonian H(p,q) is then It is readily confirmed that the Lagrange's equations [9] for L in eq.(3.1.1), and the
Hamilton's equations [9] for H in eq. 
where a and b are in general given by the formulae (2.9), (2.10).
As mentioned above, for the exact harmonic solutions (2.2) with (2.8-11) the constant K is zero, and the phase plane orbit is an ellipse with x-intercepts ( 0
i.e. a is just the length of the semi-major axis. These amplitudes (x axis intercepts)
for the harmonic motion may be designated by For the sake of definiteness, the case sgnβ > 0 (hence sgnγ > 0) will be considered henceforth.
To find the range of allowable amplitudes A (x axis intercepts), equation (4.3) is written as Then, whilst the effect is imperceptible near x=2, the other, negative, intercepts of the computed periodic orbits are observably well spread out. 
